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Abst rac t - -A  common cause of erroneous statements orproofs is found in a significant number of 
oscillation theorems for difference quations. Some of these statements can be rescued by a discrete 
oscillation lemma, but many others will need to be modified or recalled. (~ 2000 Elsevier Science 
Ltd. All rights reserved. 
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In [1], Domshlak gave a counter-example for the following assertion in [2, Lemma 1]. Let {yn} 
be an eventually positive solution of the difference quation 
Y,~+I - Yn + PnYn-a = 0, n = 1, 2 , . . . ,  (1) 
where a is a positive integer. If Pn _> 0 for n _> 1, and 
pj >_ M > O, (2) 
for all large n, then 
M 2 
y .  > (3) 
for all large n. He then questioned the correctness of at least two oscillation theorems in [2, 
Theorem 2; 3, Theorem 3.2] which are based on this false statement and succeeded in giving 
further counter-examples. 
These counter-examples are extremely interesting for the following reasons. First of all, if 
these counter-examples were symptoms of a spreading disease, then the exact pathogenic reason 
is called for. Indeed, if the exact reason can be located, other infected "assertions" can be found 
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and future infections can be stopped. Second, the above assertion is a discrete analog of a result 
of Chantur ia-Koplatadze [2] (or others1), which has been used in obtaining various oscillation 
criteria for differential equations. Therefore, if a correct discrete version can be found, correct 
results can be saved from their erroneous proofs, and perhaps new oscillation criteria for difference 
equations may follow. Indeed, it is conjectured in [1] that  the following is true. If {Yn} is an 
eventually positive solution of equation (1), and if p~ > 0 for n > 1 such that 
rt--1 
p~ >_ M > O, 
i~rt--tr 
for all large n, then there exists CM > 0 such that  y= > CMYn-a for all large n. 
Close examinations of the arguments in [2,3] reveal the appearance of a common assertion. 
FALSE S'TATEMENT. If p= _> 0 for n > 1 and (2) holds, then for any large integer N,  there exists 
a positive integer n such that  n - a < N < n and 
N M ~ M 
Z p, -- T '  2_, P' -- T (4) 
i=n- -a  i=N 
This statement is not true as can be seen from the following counter-example. Consider the 
case where a = 2, and 
where m = 1, 2 , . . . .  Then clearly, 
2, n = 3m, 
Pn = 1 
~, n#3m,  
Pi = 3 > 0, n = 2, 3 , . . . ,  
i=n- -2  
but when N = 3m + 1, the condition n - 2 < 3m + 1 < n can only be satisfied by n -- 3m + 1 or 
n = 3m-4- 2, or n = 3m + 3. In case n = 3m + 1, we have 
3m+l 3 3m+l 1 3 
P i=3> ~, ~ P i=~<~" 
i=3m-  1 i=3m+1 
Similarly, 
and 
3m+l  5 3 3m+2 
i=3m i=3m-bl 
3 
p i= l<~,  n=3m+2,  
1We believe that variations of this result have also appeared in other contemporary eferences. 
3rnW1 1 3 3m-b3 3 
/=3rrt+l i=3m-bl 
thus, (4) cannot be satisfied. 
Next, we show that  the conjecture of Domshlak stated above is true. Indeed, we have the 
following result. 





for ali large n, then Yn > M"yn- , ,  for all large n. 
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PROOF. If {Yn} is an eventually positive solution of (1), then {y~} is nonincreasing for all large n. 
Furthermore, summing (1), we have 
so that 
Yn+`" - -  Yn -+- ~ Pn+jYn-`"+j = 0, 
j=0  
a-1  `"-1 
j=0  /=0 
for n _> T1, where T1 is some large integer. If we repeat his argument, we see that y~ > M2yn_2 
for n > T2, where T2 is some large integer greater than or equal to T1. By induction, it then 
follows that y,~ > M`"yn-`" for all large n. 
Are there oscillation theorems that employ the False Statement other than those mentioned 
above? Many. As an example, we may look at the proof of a result of [4, Lemma 2], which states 
that if Q~ L > 0 for n > 1, if f(x) is a positive nondecreasing and convex function on (0, ec) such 
that lim~¢x~ x/f(x) = M > 0, and if 
/Xw~ + QJ(w~_.) _< o, r~ _> o, 
has an eventually positive solution {vn}, then 
n-1 Me" 
l iminf-1 Z Q i< 
i~n--`" 
On page 284 of [4], we may see that the False Statement has been used. Therefore, the proof 
given for this result is wrong. Fortunately, an extension of our Theorem 1 comes to the rescue. 
Indeed, we follow the same arguments in the proof of Lemma 2 of [4] up to the first paragraph 
on page 284. Then we follow the proof of Theorem 1 to conclude 
`"-1 a -1  
v~ > v~+. + ~ Qn+,f("n-`"+j) > ~ Qn+jf(vn-1) > e'f(vn-1), 
j =0 j =o 
Vn_ 1 1 Vn_ 1 M "+- E 
- -  < < - - ,  n >_ K1 ,  
and then 
vn-`" < (M +e'] a 
v--T- - ,.---gg--~ j ' ~ >- ~:'" 
But this is a contradiction, since we may pick a large k such that 
(M + ~)p] \--~--~ j 
We remark that the above result of Cheng and Zhang is an extension of a well-known result 
of [5, Theorem 7.5.1] (or [6]), which states that ifp~ > 0 for n _ 1 and if 
n-1  
lim f Z Z; > "° 7 (eT1)- '  
then every solution of (1) oscillates. 
On page 182 of [5], we may see that the following statement similar to the False Statement is
used. 
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CORRECT STATEMENT. If p~ > 0 for n > 1 and (2) holds, then for any large integer N, there 
exists a positive integer n such that N - ~r < n < N and 
M N M 
P, -> y ,  E -> T" 
i=N-a i=n 
Since this Correct Statement is all right, the proof of Theorem 7.5.1 in [5] is correct. Similarly, 
the proof of Lemma 1 in [7] is also correct. 
As another example, in [8, Theorem 3.4], it is stated that if a,r  are positive integers, that 
Pij _> 0 for i , j  = 0, 1, 2 , . . . ,  and that 
rn-1 n-1 .,~A 
l iminf 1 E E 2aT m,n--*co f it Ply > (A + 1) ~+1' A = a+T'  (5) 
i=m-a j=n-r 
then every solution of the partial difference quation 
Un+l,j + Ui,j+l -- ?Zij "t- PijUi-a,j-r = O, i , j  = 0, 1, 2 , . . . ,  (6) 
oscillates. The proof of this statement uses the False Statement, and therefore, is wrong. Fortu- 
nately, we can obtain a multivariate version of our Theorem 1 and conclude that Theorem 3.4 
in [8] and a multivariate xtension [9, Theorem 3] of it are correct. 
THEOREM 2. Let ~r, 7- be positive integers. Suppose Pij ~ 0 for i , j  = O, 1, 2 , . . . ,  and 
a--1 r--1 
Z E Pm+im+j >- M > O, 
i=0 j=0 
U co for all large m and all large n. Then for any eventually positive solution { mn}m,n=o f (6), we 
have Umn > Ma+rUm-a,n-r [or ali large m and ali large n. 
Indeed, if {um~} is eventually positive, then it is nonincreasing in either one of its independent 
variables. Summing (6), we then obtain 
re+a--1 n+r -1  re+a-1 m+a-1 n+T--1 
Z E Ui+l'J @ E lti'n+r q-Um+a'n : I tmn- -  E E PijUi-a'J-r' 




E E PijUi-cr,j-~" 
i=m j =n 
IreS-, >_ max Pi jUm- l,n, 
~, i=m j=n 
>_ Mmax{um- l ,n ,um,~- l} ,  
rn+a--1 n+'r-- 1 / 
Z E pijum'n-1 
i=rn j=n 
for m, n > T1, where T1 is some large integer. If we repeat his argument a number of times, we 
see that 
Umn > Ma+rUm_a,n_v, 
for all large m and large n. 
Once we have Theorem 2, we follow the arguments in the proof of Theorem 3.4 in [8] up to the 
second paragraph in page 224 of [8] and then conclude by it the following contradiction: 
1 1 
Ma+-------- ~ < <_ ui-a,J-'r < Mo+------ 7,
Uij 
for all large m and large n. 
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There are other assertions which have made use of the False Statement. A partial list is 
as follows: Zhang et al. [8, Theorem 3.3, Theorem 3.5], Cheng and Zhang [4, Theorem 1], 
Cheng et al. [10, Lemma 4] and its corollaries, Wong and Agarwal [11, Lemma 2.8, Lemma 2.9, 
Lemma 2.10] (or [12, Section 23]) and their corollaries. We remark that although some of these 
results can be saved, Lemma 4 and its corollaries in [10] are beyond redemption. 
We expect and will appreciate reports of new findings in the future 2. 
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